A semicomplete multipartite or semicomplete c-partite digraph D is a biorientation of a c-partite graph. A semicomplete multipartite digraph D is called strongly quasiHamiltonian-connected, if for any two distinct vertices x and y of D, there is a path P from x to y such that P contains at least one vertex from each partite set of D.
Introduction and terminology
We use Bang-Jensen and Gutin [4] for terminology and notation not defined here and only consider finite simple digraphs. 
= (V (D), {yx | xy ∈ A(D)}).
By paths (cycles, respectively) in D, we mean directed paths (cycles, respectively). Let x, y ∈ V (D) be two vertices of D. We call a path from x to y in D an (x, y)-path. For an (x, y)-path P, the vertices in V (P) \ {x, y} are called inner vertices of P. Two (x, y)-paths are internally disjoint if their inner vertices are pairwise distinct. For a path P = x 1 . . . x l we use x i Px j to denote the unique (x i , x j )-subpath x i . . . x j of P for all 1 ≤ i ≤ j ≤ l. xCy is defined analogously for a cycle C and two vertices x, y ∈ V (C) An acyclic digraph is a digraph without any cycles. We call a subdigraph D
A semicomplete multipartite or semicomplete c-partite digraph D is a tuple D = (V , A) such that the following holds:
• The vertex set V of D is the union of pairwise disjoint non-empty subsets
• For all i ̸ = j ∈ {1, . . . , c}, x ∈ V i and y ∈ V j we have xy ∈ A or yx ∈ A.
A semicomplete multipartite digraph without cycles of length 2 is called a multipartite tournament. A semicomplete digraph (tournament, respectively) is a semicomplete c-partite digraph (c-partite tournament, respectively) on c vertices.
If D is a semicomplete c-partite digraph with partite sets V 1 , . . . , V c , we define the function
which assigns each vertex of D the index of its partite set. For a subdigraph D v) to denote the union of partite sets of D which contain a vertex of D ′ . Because of their strong structure, tournaments have been studied extensively for the past fifty years, as evidenced by several surveys (e.g. [2, 5, 10, 12] ) on the topic, published throughout the past decades. In recent years, there has been an increasing interest to generalize tournaments to obtain larger classes of digraphs, such as locally semicomplete digraphs [1] , hypertournaments [9] or multipartite tournaments [15] , in which most of the important results for tournaments still hold (see [3] for more). But we often have to adjust our results to the new properties of the larger classes. If we consider multipartite tournaments, for example, Bondy showed in [6] that for all 3 ≤ c < n, there is a strong c-partite tournament on n vertices that does not contain cycles of length l > c and thus specifically no Hamiltonian cycle. Therefore, two of the most central results for tournaments due to Camion and Moon, respectively, cannot be extended to multipartite tournaments in their following notation. This theorem inspired a generalized concept of length. We say a path or cycle in a multipartite semicomplete digraph is of quasi-length l, if it contains vertices from exactly l partite sets. When considering semicomplete digraphs length and quasi-length are interchangeable. Hopefully, by this new perspective, there are a multitude of results for tournaments which can be generalized in the same manner as Theorem 1.3. In this paper we will show one of them. Since Theorem 1.3 obviously also holds for semicomplete multipartite digraphs, as do many results involving tournaments for semicomplete digraphs, we will give the following definitions for the larger class.
Let Note that the definition of quasi-Hamiltonian paths, cycles and connectivity equals the standard definition of Hamiltonian paths, cycles and connectivity when we consider tournaments. With these additional notations we can give our main result.
Theorem 1.4. Every 4-strong semicomplete multipartite digraph is strongly quasi-Hamiltonian-connected.
This generalizes the following result for tournaments due to Thomassen.
Corollary 1.5 ([14]). Every 4-strong tournament is strongly Hamiltonian-connected.
Since Thomassen proved the existence of an infinite number of 3-strong tournaments which are not strongly Hamiltonian-connected in [14] , Theorem 1.4 is in a sense best possible.
Preliminaries
Before we prove our main result, we will give some lemmata involving semicomplete multipartite digraphs. (Note that Lemmas 2.5 and 2.6 are generalized versions of lemmata used by Thomassen in [14] to show Corollary 1.5.) We begin with an obvious corollary to Theorem 1.3 which extends Theorem 1.1 to semicomplete multipartite digraphs. For convenience, we will consider a vertex to be a quasi-Hamiltonian cycle of length 0 in a non-connected semicomplete multipartite digraph, since such a digraph consists only of isolated vertices.
Corollary 2.1. Every vertex of a non-connected or strong semicomplete multipartite digraph D is contained in a quasiHamiltonian cycle in D.
Proof. The only case not covered by Theorem 1.3 is that D is bipartite, i.e. c = 2. Let x ∈ V (D) and y ∈ N + D (x) be arbitrarily chosen. Since D is strong, there is an (y, x)-path P in D and thus, x is contained in the quasi-Hamiltonian-cycle C = xyPx in D.
In 1999, M. Tewes and L. Volkmann introduced the following useful decomposition. 
Lemma 2.2 ([13]). Let D be a connected non-strong c-partite tournament
Obviously, Lemma 2.2 also holds for semicomplete c-partite digraphs (including strong and non-connected ones) and we call the unique decomposition of V (D) described therein the multipartite decomposition of D. Furthermore, we define the
which assigns each vertex of D the index of its decomposition set. 
Proof. We will show the result by induction on j − i. If j − i = 1, then there are quasi-Hamiltonian cycles 
This completes the proof of the base case. 
by induction hypothesis, and there is a quasi-Hamiltonian cycle
We order the indices contained in I ch by size, i.e. I ch = {i 1 , . . . , i |I ch | } and 1 ≤ i 1 
By reverse induction on k, we will show that P i k := x i k x i k+1 . . . 
-path P in D whose inner vertices all belong to V (H) such that P contains a vertex from each partite set of D[V (C)] − V p(D ′ ) .
If, furthermore, there is an index k 0 ∈ {1, 2, 3} such that
then we can choose k 1 ∈ {1, 2, 3} \ {k 0 } freely and k 2 = k 0 (or k 1 = k 0 and k 2 ∈ {1, 2, 3} \ {k 0 }, respectively) and a (u 1 , u 2 )-path P in D whose inner vertices all belong to V (C).
Proof of Claim 1. Without loss of generality, we may assume
Without loss of generality, we may assume that v = y 1 and 
Suppose now that for all
, there is such an ∅ ̸ = I(y 1 ) {1, 2, 3} and corresponding vertices for y 1 . If |I(y 1 )| = 1, we consider D −1 . Therefore, we may assume |I(y 1 )| = 2. Because the order of the paths P 1 , P 2 and P 3 is still arbitrary at this point, we may furthermore assume {v 1 , v 2 } → y 1 for two vertices v 1 ∈ V (P 1 ) \ {x, y} and v 2 ∈ V (P 2 ) \ {x, y}. Case 1. H is non-connected or strong. By Corollary 2.1, there is a quasi-Hamiltonian cycle C = y 1 . . . y l y 1 in H. By Claim 1, there are indices k 1 , k 2 ∈ {1, 2, 3}, k 1 ̸ = k 2 , vertices u i ∈ V (P k i ) \ {x, y} for all i ∈ {1, 2} and a (u 1 , u 2 )-path P in D whose inner vertices all belong to V (H) such that P contains a vertex from each partite set of 
There is a quasi-Hamiltonian (w k 1 , w k 2 )-path Q in H, by Lemma 2.3 and therefore,
is 
Without loss of generality, we may assume that k 0 = 1, since the order of the paths P 1 , P 2 and P 3 is still arbitrary at this point. There are vertices v 1 , v 2 ∈ V (P 1 ) \ {x, y}, w 1 ∈ X 1 and w 2 ∈ X r such that v 1 → w 1 and w 2 → v 2 in D, since D − {x, y} is strong. Let 
Without loss of generality, we may assume that v 3 ∈ V (P 3 ) \ {x, y}, since the order of the paths P 2 and P 3 is still arbitrary. Let Our main result follows as a direct consequence. 
